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ABSTRACT: We argue that the complete Klebanov-Witten flow solution must be described
by a Calabi-Yau metric on the conifold, interpolating between the orbifold at infinity and
the cone over T(11) in the interior. We show that the complete flow solution is characterized
completely by a single, simple, quasi-linear, second order PDE, or “master equation,” in
two variables. We show that the Pilch-Warner flow solution is almost Calabi-Yau: It has a
complex structure, a hermitian metric, and a holomorphic (3,0)-form that is a square root
of the volume form. It is, however, not Kéhler. We discuss the relationship between the
master equation derived here for Calabi-Yau geometries and such equations encountered
elsewhere and that govern supersymmetric backgrounds with multiple, independent fluxes.
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1. Introduction

One of the first families of physical, supersymmetric holographic flows to be studied were
those [fll, B] describing the massive, N' = 1 supersymmetric flows from N = 2 quiver gauge
theories. These flows were shown to go to Leigh-Strassler type fixed point theories in
the infra-red, and the holographic duals of these fixed points were also identified. It has
remained one of the unsolved problems in holography to construct these solutions explicitly,
and while this is hard for the general quiver theories, one might expect to be able to solve



this problem for the 121\1 quiver of [[l] because of its much higher level of symmetry. Despite
numerous attempts, there has been rather little progress in finding the flow solution within
supergravity.

Shortly after the work of [l P, new supergravity fixed points were discovered in [B],
and the corresponding flow solutions were obtained in [[[]. While these flows were originally
investigated for N' = 4 Yang-Mills theory, it was noted at the time that these solutions
were also flows in the untwisted sector of the N’ = 2 superconformal quiver gauge theories
obtained via orbifolds. These supergravity solutions were originally constructed in five
dimensions, but their complete ten-dimensional analogs were subsequently constructed in
B, [, and then significantly generalized in a recent paper [f|. While these supergravity
solutions were explicitly known, the problem was that their underlying geometric structure
was far from evident: The solutions were obtained via the magic of consistent truncation,
and not through a clearer geometric principle. The complication is that these solutions
involve multiple, non-trivial fluxes and are not some straightforward decoration of a Calabi-
Yau geometry.

Finally, in [§ it was argued that the holographic flow solutions of [[], f] and [B] ]
should be related via a continuous family of duality transformations. Further evidence for
this was found in the field theory analysis of [ff].

Our purpose in this paper is to re-examine and understand the geometry of both of
these families of flows using, in particular, the ideas of [0, L1, [, for classifying the
“supersymmetry bundles.” For the Klebanov-Witten flow we will argue that the internal
geometry of the entire flow solution must live on the singular conifold. That is, the internal
manifold must be governed by a Ricci-flat, Kéhler metric on the conifold, and that this
metric must interpolate between the orbifold, C2?/Zs x C at infinity and the cone over ey
in the interior. The orbifold singularity at infinity is thus blown up as one moves radially
inwards. We then proceed to characterize this geometry exactly in terms of a “master
equation” that is a single, second-order, quasi-linear PDE in two variables. This charac-
terization of the solution represents a significant simplification over the more traditional
Monge-Ampeére equation (which is strongly non-linear, and sixth-order).

For the Pilch-Warner (PW) flow we re-examine the geometry underlying the general
class of solutions in [fJ. We will show that the internal manifold has an integrable complex
structure and a holomorphic (3,0)-from such that 2 AQ is the volume form of the manifold.
The internal geometry is thus almost Calabi-Yau, except that it is not Kahler: The Kéhler
form is not closed. It was also shown in [ff] that this non-trivial flux geometry was governed
by a single, second-order, quasi-linear PDE, or “master equation.” Indeed, this master
equation is very simply related to the one that we find here for the Calabi-Yau geometry
of the Klebanov-Witten flow.

This observation now provides new insight into the broader class of results contained
in [I0, [0, [, [4. These were all supersymmetric, multiple flux solutions, and were all
governed by a single master equation similar to those encountered here. Our work here
suggests that all these multiple flux solutions are indeed some relatively simple deformation
of a Calabi-Yau condition [[L3].

In section 2 we will use a combination of field theory, supergravity and brane-probe



analysis to argue that the complete Klebanov-Witten flow should be described by a Calabi-
Yau metric on the singular conifold. In section 3 we look at the conifold geometry in some
detail, and use the symmetries of the flow that we seek to pin down the general form of the
metric on the internal space. Having obtained a suitably general metric Ansatz, in section
4 we use the techniques of [[IT, [[1], [ to solve the Killing spinor equations, and thereby
obtain the Calabi-Yau metric in terms of the solution of the master equation. In section 5
we repeat the analysis, but this time more systematically in terms of the special holonomy
of the spin connection. The end-result is the same as that of section 4, but one sees very
explicitly how each equation emerges from distinct conditions on the holonomy. Section
5 also contains a more detailed discussion of the complex structure and coordinates, and
contrasts our approach with adaptions of the ideas of Tian and Yau, which would lead
to the Monge-Ampere equation. Section 6 contains our geometric re-examination of the
geometry of the PW flow, and section 7 contains some final remarks.

2. Field theory

The UV point of the Klebanov-Witten flow is the N' = 2, A quiver gauge theory. This
has gauge group SU(N) x SU(N) and also has two bi-fundamental hypermultiplets. In
terms of N’ = 1 multiplets, the two N = 2 vector multiplets contain two N = 1 adjoint
chiral superfields ®;, 5 while each of the hypermulitplets yields a pair of chiral multiplets
(A1, By) and (Ba, As). The chiral superfields A, Bs lie in the (N, N) representation while
Bi, Ay are in the (N, N). The superpotential is

v (5 w) (G 5) (s )]
= Tr [®1(A1 By — ByAy)] + Tr [B5(A3By — BiAy)] . (2.1)

This theory has a SU(2) x U(1) R-symmetry together with a global SU(2) symmetry
under which the two hypermultiplets form a doublet.
The Klebanov-Witten flow is driven by the relevant operator

1 1
AW = omTr (@3] — 5T [®2] (2.2)
which breaks the N' = 2 supersymmetry of the vector multiplet. The IR point of this flow
has only the bi-fundamental fields, the adjoint fields having been integrated out. It has a
superpotential

WN:1 = \Tr (AlBlBQAQ - AlAQBQBl) . (23)

The methods of Leigh and Strassler [[4] suggest that this is a non-trivial CFT [ff].

This theory still has the SU(2) global symmetry but the SU(2) x U(1) R-symmetry
is broken to a U(1) R-symmetry. There are also two Zs R-symmetries. One of them
is the symmetry exchanging the two gauge groups, while the other symmetry is charge
conjugation [[]. The obvious interchange symmetry is:

A1 Aad AQ, B1 — BQ, (1)1 — (1)2 . (24)



However, this is not a symmetry of the perturbation (B.2). To get a symmetry of the com-
plete perturbed superpotential we need to combine the interchange with an R-symmetry
transformation:

A1—>iA2, A2—>iA1, Bl—>iBQ, B2—>iBl, (I)1<—>(I)2, (25)

under which W + AW — —(W + AW), and hence the action is invariant. We will need
this particular symmetry later.

2.1 The brane-probe theory

A fundamental feature of D-brane physics is that since they are BPS objects, D-branes
are free to move in their tranverse directions without feeling a force from parallel branes.
This manifests itself as a moduli space in the gauge theory living on the branes. In this
section we use this Higgs moduli space along the Klebanov-Witten flow to obtain important
insights into the geometry of the holographic dual theory.

When a single brane moves off the stack and probes the internal geometry, the gauge
group is broken according to:

SUN+1)x SUN+1)— SUN)xU(1) x SUN) xU(1). (2.6)

Since N > 1, the SU(N) factors produce the background whereas the U(1) factors cor-
respond to the brane-probe theory, and their gravitational effects can be neglected. If
the probe brane is located far away from the rest of the branes, the W bosons are very
heavy and the U(1) part of the theory decouples. We now concentrate on the decoupled
U(1) x U(1) gauge theory. The diagonal U(1) factor is just a free U(1) and we will drop it.

The anti diagonal U(1) couples to four scalars A;, A2, By and By. The fields A; and
By have a U(1) charge +1, wheras Ay and B; have charge —1. Since these matter fields
have large vevs, the remaining U(1) can be integrated out. This corresponds to a Ké&hler
quotient. Alternatively, the Kahler quotient is equivalent to solving D-flatness modulo this
U(1).

The resulting space of vacua is parameterized by the gauge invariant variables
zZ1 = AlBl ; zZ9 = BlBQ y z3 = A2A1 and Z4 = B2A2 . (27)

These variables satisfy
z124 — 2223 = 0, (2.8)

the defining equation of the singular conifold.

This result was deduced from the structure of the F-terms of the field theory, and one
should note that, provided that there are no non-perturbative corrections, this analysis
is valid not only valid for the IR fixed point, but for all points along the RG flow. As a
result, the moduli space of the brane probes for the complete flow should be described by
the conifold, and in particular it should inherit its complex structure. Since the D-terms of
the field theory action undergo strong renormalization, the metric of the field theory, and
of the brane probes will be non-trivial. We therefore infer that as far as the brane probes
are concerned, the flow will be described by some hermitian metric on the conifold.



To get a better picture of what is happening in the UV, it is convenient to change
coordinates to:

wy =2z1+24, wy=i(z2+23), wg=2z—23 and wyg=1i(z1 —24), (2.9)

which satisfy:
w? + wi + wi + wi = 0. (2.10)

Solving the F-flatness condition in (R.I)) and (R.9) for the ®; yields
m®; = — (4181 — B2Ay), m®Py = AyBy — B1 A (2.11)
and since the probe theory is Abelian, we can write this as
wy = tm P = im Dy. (2.12)

Thus the moduli space has a preferred coordinate, wy, that is dual to the vev of the scalar
fields in N' = 2 vector multiplet. Note that at the UV fixed point, when m = 0, one
has wy = 0 and ®; 4+ ®4 is a freely choosable, independent field. This means that in the
UV the probe moduli space is simply the orbifold, C2/Zs x C, and that the conifold has
degenerated. At the UV point, the scalar kinetic term and the brane probe metric have
the trivial Euclidean, flat form while in the IR the brane-probe moduli space lies on the
singular conifold with the Calabi-Yau metric obtained from the cone over 01 [I]. This

naturally leads one to consider the family of manifolds

2 2

w? + wi 4+ wi + Ew = 0. (2.13)

For an arbitrary, non-zero value of € we can rescale wy and reproduce (R.10)), however
the Kahler metric on the moduli space will make it possible to determine the size of the
constant e. Thus by varying e between 0 and 1 we can interpolate between C2/Zs x C and
the singular conifold.

Whilst the previous calculation is not new or difficult, our interpretation of the result is
our guide to the construction of the dual geometry of the whole flow. Namely, it suggests
that the holographic dual of the entire flow has the complex structure of the conifold.
However the Kéhler metric on this conifold has to be squeezed so as to ultimately degenerate
to the orbifold in the UV. To obtain the exact result we need to determine a squeezed Kéhler
metric on the conifold that respects the symmetries of the flow. One might hope to get
this metric from the field theory, however quantum corrections mean that the metric on
the brane-probe moduli space doesn’t necessarily coincide with the metric obtained from
the Kéhler quotient of the field theory metric obtained from the UV limit [[5].

2.2 Supergravity

Having gained some insight from the field theory, we now turn more directly to the gravity
side of the duality. In addition to the dual geometry we must consider the possibility of
non-trivial profiles for the fluxes and the dilaton of IIB supergravity.



The N = 2 quiver gauge theory can be realized in string theory by D3-branes probing
a C2%/Zy orbifold singularity [[]. The mass deformation (R.2) is then described by a
twisted-sector, closed string mode. The corresponding twisted-sector, closed string modes
of type IIB theory on an ALE orbifold come in six-dimensional ' = (2,0) tensor multiplets
associated to the blow-up of a two-cycle. Each such multiplet contains five scalars: Three of
these scalars are hyper-Kéahler deformations while the remaining two scalars describe the NS
and RR two-form flux through the two-cycle. Putting D3-branes on the singularity breaks
supersymmetry to four-dimensional N" = 2 supersymmetry. The two scalars describing the
two-form flux then couple at first order to the relative gauge couplings and theta angles of
the gauge theory. On the other hand the three scalars describing the hyper-Kahler blow-up
modes couple to the D-terms and F-terms [§]. This shows, that at leading order our mass
deformation corresponds to a geometric deformation (R.13J) of the orbifold and that the
two-form potentials and three-form fluxes are not being turned on. Also, to leading order
the dilaton-axion is not running. We will therefore seek supergravity with no such fluxes,
and with a trivial dilaton and axion.

The brane-probe analysis also yields more evidence for this proposal. If the holographic
dual theory had non-zero three-form flux, then one would expect there to be a potential
for the brane-probe that would restrict it to a subspace of less than six dimensions [[L7].
Since we found a six-dimensional brane-probe moduli space, it seems natural that there
should be no three-form fluxes.

We can now use the fact that our D3-branes can probe the whole geometry. In order

for the probe brane to preserve supersymmetry, the Killing spinor, €, in the holographic

dual theory has to satisfy [[[§, [9:
2% = +ie (2.14)

(for one uniform choice of sign, depending upon conventions) at the location of the probe
brane. Since the probe brane can be moved anywhere in the geometry, equation (R.14) has
to hold at all points. We can utilise results from [R0] where it was established that such
solutions are of Becker-type.

This means that the internal manifold is Calabi-Yau, in agreement with our conclusions
from the previous section. In Becker type compactifications the warp factor in front of the
metric parallel to the branes is Z 7%, where Z satisfies a harmonic equation, and the five-

form flux is related to the warp factor by:

f=—— (2.15)
where the five-form flux is given by
F = (14 %)df Adx* Ada® Ada® A da (2.16)

There could be a holomorphic dilaton or imaginary self dual three-form fluxes, but we
already agued that they vanish.



The fact that the internal geometry is Calabi-Yau implies the that the Killing spinors
can be determined using three independent helicity projectors of the form:

et — %(]1—1'1“‘@), (2.17)

for some frame indices, ¢ and b, on the Calabi-Yau manifold. These helicity projectors
have the effect of isolating the spinor that is a singlet under the SU(3) holonomy.

In summary, we are searching for a Calabi-Yau metric on the singular conifold with an
SU(2) x U(1) symmetry, and the discrete, Zo R symmetries described in [fl]. The metric
must agree with the more standard metric [PI] for small values of the radial coordinate,
and it must reduce to a flat metric on C2/Zy x C in limit of some large appropriately chosen
radial coordinate.

3. The conifold, its complex structure and hermitian metrics

3.1 Describing the conifold

As explained in [P, it is very convenient to describe the conifold in terms of the matrix:

W= o (Wstiws wn i (3.1)
V2 \wi +iwy  —ws + dwy
The vanishing of the determinant of this matrix defines the conifold:
1
detW) = — 5 (wi + wj + wi + wj) = 0, (3:2)
while the obvious norm defines a natural radial coordinate:
T WIW) = |wi? + |wa? + |ws]? + |us? = 2. (3.3)
The surface of constant r is the 711 space:

u()
which can be given a Einstein metric [BJ. Taking the cone over this leads to the well-
known Ricci-flat metric on the conifold [R1l], [[]. This metric has SU(2)7, x SU(2)g x U(1)
invariance where the SU(2)’s act on the left and right of W, while the U(1) is an overall
phase rotation on the w;.

As described in the previous section, we seek a broader class of metrics on the conifold:
Metrics that preserve the complex structure and have an SU(2) x U(1) symmetry where
the U(1) is the phase rotation on the w; and the SU(2) is the diagonal subgroup of
SU(2)r, x SU(2)r. Note that this particular SU(2) leaves w, invariant, while transforming
(w1, ws,ws) as a triplet. Thus the continuous symmetry acts as SO(3) x U(1).

Also note that if one uses the identification of coordinates and fields in (P-7) and (B.9)
then the discrete symmetry, (-5), of the field theory becomes the reflection:

w, — —wy, wy — —wsa, w3 — —ws, Wy — W4 . (35)

Thus we are actually looking for an O(3) x U(1) invariant metric.



3.2 Breaking some symmetry and a degenerate limit

Consider the “trivial” deformation of the conifold:
w? 4+ wi + wi + 2wl = 0. (3.6)

As we discussed earlier, the parameter, ¢, can be removed by rescaling w4. However, once
one has chosen a metric on the conifold, this scale parameter has meaning, and breaks the
symmetry to O(3) x U(1). Moreover, if one takes the degenerate limit ¢ = 0 this modifies
the complex structure and enhances the symmetry to SU(2) x U(1) x U(1). In particular,
the underlying complex manifold becomes the orbifold C2/Zs x C. The single factor of C is
simply parametrized by wy, while the C? can be parametrized by two coordinates (¢1,(2)

that are identified under (; — —(;. The invarants under this action are:

(F+¢), wy = - (G -G), w3 = i(1C2, (3.7)

N | —
N | =

w1 =

and these satisfy (B.g) with ¢ = 0. Note that under the residual SU(2) symmetry ({1, (2)
transforms as a doublet. The two U (1) symmetries are the now-independent phase rotations
of (¢1,¢2) and wy.

Note that in this degeneration limit we have recovered the underlying manifold and
symmetry structure of the Zs orbifold of the solutions considered in [[, f]. We will discuss
this further in section 6.

3.3 Some useful coordinates

We wish to parametrize the conifold in terms of the residual SU(2) x U(1) symmetry. To
this end, introduce:

1 1
Wy = — 2121 + — (0 +vu—v 0), 3.8
0= 5 VK 7 (0 ptwvp ) (3.8)
where p,v and ¢ are real, with |u| > |v|. A general matrix of the form (B.I]) can then
be obtained by conjugating with a single matrix, £ € SU(2), and multiplying by a phase,
e?elU():

W = e LWLl (3.9)

One can see that this is possible by considering the real and imaginary parts of w; = x;+1y;,
and denoting the first three components by 3-vectors & and . First use the overall phase to
set x4 = 0, and then the imaginary part of the conifold equation (B.J) means that #- 7 = 0.
One can now use all of the SO(3) symmetry to put these orthogonal vectors in the form
Z = (1,0,0) and ¥ = (0,v,0) for some p,v > 0. The real part of the conifold equation
implies pu? = v + y3, and hence u > v. We thus obtain wy = p, we = iv, wy = 0 and
wy = i/ p? — v2, which is (@), provided that we let p and v be both positive or negative
with || > |v|.
We parametrize the SU(2) matrices in terms of Euler angles. That is, we write

L = Ria(p2) Ri3(p1) Riz(e3) , (3.10)



where

1 o1
_i i cos(z ) —sin(z¢)
ngtp = e 2¥ 00 €+290 s ngtp = < 2 2 . 3.11
( ) ( ) ( ) sm(%gp) COS(%(Q) ( )
It is convenient to introduce the invariant 1-forms, o; where:
1
chde = 5 (103 o1 —ioy— (o1 +i0y) —iog). (3.12)

Explicitly, one has:

01 = cospsdp; + sins sin @ dps ,

09 = singpsdp; — cos ;3 sinp; dps

o3 = cospydps + dps. (3.13)
For future reference we note that in these coordinates, the degenerate limit that takes

us from the conifold to the orbifold C2/Zy x C is to take |ul, |v| — oo with u — v finite, or
||, |v| — oo with p + v finite.

3.4 The (1,0)-forms

Since the conifold is a 3-fold, there are three independent (1,0)-forms at each point, and
it turns out there there is a SU(2) x U(1) invariant basis for these differentials. In terms
of complex coordinates, these are 22:1 Zjdzj, Zydzy and Z4(6ijk2izjdzk), while in terms of
the coordinates introduced above, these may be reduced to the equivalent basis:

wy = du + i(pded + vos),
we = dv + i(vdp + pos),ws = poyp + ivoy. (3.14)
It is instructive to note that the degenerate conifold also has the SU(2) invariant
(1,0)-form:

1

wo = GdG—GdG ~ (o1 + ion) = o ((p+v)ws+ (u—v)Ws). (3.15)

Observe that while this is a (1,0)-form in the complex structure of the degenerate conifold,
it is not of type (1,0) in the complex structure of the non-degenerate conifold. Thus the
limit € — 0 in (B.6) involves a discontinuity in the complex structure.

3.5 Hermitian metrics

The most general hermitian metric on the conifold can be written in the form
ds? = gi;w' @7, (3.16)

for some metric coefficients, g;;, that are arbitrary functions of the coordinates. The
SU(2) x SU(2) x U(1) invariant, Ricci-flat metric on the conifold is:

1 1
ds? = ZuTs (Slwr? + lenl? + fol? +

1
3 TIJQ) ‘,LLCUl — V(A)Q‘Z) (317)

(w
1 4
= dp? + §p2 (d6?2 + 07 + cos’0os + sin?0oi + g(d¢+008903)2).



where = p3/? and v = p3/2cos@. This is the cone over T(:V | but parametrized in
a slightly unusual manner. Remember that we want to preserve and make manifest the
diagonal SU(2) in SU(2); x SU(2)g. If one does this on the S? x S? base of the T(11)
space then one can write the standard metric on this product space as:

ds? = (df} + sin®601d¢?) + (df3 + sin? 60y dp3)
= 2(df* + o + cos’fos + sin®fo3). (3.18)

Since d(2 cos f o3) yields a Kihler form on (B.18), we see that (B.17)) involves the proper
Hopf fibration to make 71,

Imposing the condition that the metric be SO(3) x U(1) invariant implies that the
metric can only depend explicitly upon p and v. It is also easy to see that the Zy symmetry:

p3 w3 + T = o1 — —01, 02— —02 (3.19)

is exactly that of (B.5). This is because wy = —iy/pu? — v2e® is invariant under the shift of
3, while in the conjugation by L, this shift has the effect of negating all the entries in the
second matrix of (B.§). (In section 5 we will give explicit formulae for the w j» from which
this result will be obvious.)

Requiring that the metric be invariant under this Zo symmetry has the effect of re-
quiring that w3 only appear paired with w3 in (B.16). The metric thus has the form:

ds® = Q1 d,u2 + Q2 dv? + Qsdudy + Qy ’w3‘2 + Q5 (0'3 + Qs d(b)2 + Q7 d(b2 , (3.20)

for some arbitrary functions, Q;(u,v). By introducing a new coordinate, u(yu,v), we can
convert the (u, @) part of this metric to O1 (du? + u?d@?), for some new function Q:. By
introducing a new coordinate, v(u,r), we can then eliminate the dudv term. This then
leads to our final metric Ansatz:

ds®> = H}(du®>+u?d¢?) + Hidv? + Hio? + Hios + HZv? (o34 Hgdp)?, (3.21)

for some arbitrary functions, H;(u,v). The existence of the complex structure with respect
to which the metric (B.21) is hermitian imposes relations upon the H;, but we will not
make this assumption, and instead recover it from the supersymmetry variations. Our
starting point will therefore be this metric Ansatz. However we should mention, that a
u-independent re-definition of v does not change the form of this Ansatz. We will later see
how to choose a good gauge for this.

Note that this metric Ansatz is a simple generalization of the one employed in [f].

4. The Calabi-Yau metric from the Killing spinors

The traditional way to obtain a “simple” equation the Ricci-flat metric on the a Kéhler
manifold is to write down the Ricci-flat condition in terms of the Kéahler potential. This
generates a Monge-Ampere equation, which, for a 3-fold is a sixth-order, non-linear PDE.
There are existence theorems for solutions of this equation [R3, 4], and these will be
discussed later.

,10,



The problem we wish to solve here has some extra global symmetry, and we will use
the supersymmetry in an approach that closely follows that of [[L0], [L1], [l, [2]. That is, we
start with the metric Ansatz (B.21]), make an algebraic prescription for the supersymmetry
bundle, and go on to derive all the essential equations from the supersymmetry variations.
The result is significantly simpler than the direct output of the Monge-Ampere equation.

4.1 Solving the Ansatz

We begin by introducing the frames:

el = Hidu, e = Hs dv, e = Hyoq, et = Hyoo,

e’ = Hsv(oz+ Hgdo), b = Hiudo. (4.1)

This metric has a natural almost-complex structure (indeed, it is the one inherited
from the conifold, and will ultimately become a Ké&hler form):

J =e'Aeb + Bnet + el (4.2)
Based upon this, we introduce the helicity projectors:
I, = %(]1 —iTir%), I, = %(]1 —iTrYy, I3 = %(]1 —iT?1%), (4.3)
and look for covariant constant spinors that satisfy:
IIje = 0, i=123. (4.4)

There will then be a second covariant constant spinor that can be obtained by complex
conjugation and whose helicities are thus exactly the opposite of those in ([.3),(JL-4).
In order to solve
Ve = 0, (4.5)

it is helps to fix the dependence on the coordinates as far as possible before analyzing the
equations in detail. The dependence upon angular coordinates can be obtained using the
symmetries and the Lie derivative on spinors

1
Lige = KF'V,e + ZV[MKV] I''e. (4.6)

The covariant constant spinors must be singlets under the SU(2) action, and so the corre-
sponding L € must vanish. With the frames used above, this implies that € is independent
of the ¢;. The covariant constant spinors can be charged under the U(1), and this charge
will be correlated with helicity. When one simplifies the corresponding Lie derivative, one
finds that this amounts to having;:

Ope = iqe, (4.7)

for some constant charge, q. However, by taking the flat space limit of (Ji1]) one can fix

q:§7
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provided that ¢ is normalized to the periodic range: 0 < ¢ < 27. Finally, one can fix the
normalization of € by using the fact that (J..§) implies that e “e is constant. This means
that € can be chosen to be independent of u and v.

Substituting all of this information into ([.H)) yields a fairly involved system of equations
that is, in fact, relatively easy to disentangle. One finds the following simple conditions:

Hs=coHy', (4.8)
1

Hy = (gcovz—i-cl)Hg_l, (4.9)

u@uHQQ + cudyHg = 0,

wO,H? — covdyHg = 0, (4.10)

where ¢y and c¢; are constants of integration. One also obtains some more complicated
conditions that interrelate the derivatives of H3, H; and Hs. The latter can be simplified
and integrated by making the substitution:

1 14 e2h 1 1—e2h
2 2 2 2

Hi = (5 cov” +c1) (m) ; Hy = (5001} + 1) <m : (4.11)
for some function h(u,v). In making this substitution we have used (.9). One then finds
that the equations for H; and Ho can be integrated to give:

com(u)

H? = — =2 7
! v(cov?+2¢)

sinh(2h)0,h,  Hi = —covdyh, (4.12)

for some, as yet, arbitrary function m(u). Using this in the remaining supersymmetry
variations one finds that:

and thus the last equation in (f.10) yields:

1 1 m(u) ) B

Finally, the supersymmetry in the ¢-direction yields the condition

1 m'(u)
= | = 4.1
e <[4 0], i
we thus find that
m(u) = cau® = = [l—i—g} (4.16)
2 q 92 4 ) .
for some constants ¢ and «. We thus obtain
L(9(u(9 h) — 0—23 ;sinh@h)ah =0 (4.17)
o+l TuE T v "\w(cov?+2c1) vy '

This “master equation” determines the complete solution to our problem: Given a
solution to this equation, one can determine the metric functions H; from (¢.1%), (4.11)),
(#§) and (E.13). One then finds that one does indeed have a covariantly constant spinor of
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the form described above, and one can explicitly verify that the metric is Ricci-flat. Indeed,
the form of the function m(u) in (f.16) follows directly from setting the Ricci tensor to
Zero.

The “master equation,” while non-linear, is actually a relatively simple, quasi-linear,
second order PDE. It is certainly simpler than the Monge-Ampeére equation, and more
significantly for our work, it is very similar to the classes of PDE’s found in [[L0] 0 2.

4.2 Conical singularities and the period of ¢

If we have a Ricci-flat metric of the form (B.21]) then it is still, at least locally, Ricci-flat
if one changes the period of ¢ to any value one desires. The potential cost of this is the
introduction of a conical singularity, but the details will depend upon the asymptotics of
Hy. If H; — 1 then the non-conical choice is 0 < ¢ < 27.

The fact that one can choose the period of ¢ has implicitly appeared in our analysis
above via the constant parameter «. Specifically, a change of variable © = w” combined
with ¢ = ~¢ is an analytic change of variable: z = ue’® — 27, and it conformally maps
the (u, ¢)-metric via:

du? + u? d¢? — w07 (dw? + w? dy?) . (4.18)

The net result is that () keeps the same form, except that the period of ¢ is scaled by
~. In the foregoing analysis this change of variable merely generates a constant scale in
ud,, but sends %au to maw which means that such a re-definition can be used to set
a = 0in (4.17). While this might be a convenient choice, one must remember that this
choice imposes a particular periodicity upon the ¢-coordinate, and in practice one may
want to preserve the free parameter «.

5. The complex geometry

In order to understand the geometric significance of the solution it is instructive to re-derive
them by direct analysis of the holonomy.

5.1 The Calabi-Yau conditions

The covariantly constant spinor defines an almost complex structure that can be expressed
by choosing the hermitian vielbein

E'= H;(du+iudg),
E? = Hydv+iHsv (o3 + Hsdo),
E? = Hso1+iHy09. (5'1)

This vielbein defines the Kéhler form J = >, E* A E* and a hermitian metric.

The spin connection can now be expressed in terms of holomorphic and anti-holomor-
phic indices. In order for the spin connection to have U(3) holonomy, it has to be a one-form
with values in the Lie algebra, ¢4(3). This is achieved by requiring the spin connection to
be of the form wij or, equivalently, wy;.
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Since wij = 0, the torsion 2-form has the following form
T' = dE' +w'; N EV. (5.2)

This can be decomposed into a (2,0)-form, a (1,1)-form and a (0,2)-form part. We will
step by step require the vanishing of all these torsion parts.

First, consider the (0, 2)-form part of the torsion:

(T")(0,2) = (dE") 9.2 - (5.3)

Requiring that this part of the torsion vanish is the same as requiring that the complex
structure be integrable. For the Ansatz (f.1]) the only non-trivial components of the (0, 2)-
form part of the torsion are 7?15, 773 and T353. This leads to the equations

H3 HS
Hj Hg Hi 2Hg Hi 2H;
Oy | —— O — ] =0 Oy 1 = = — d 0,1 4 = — . (b4
u(UH5>+ v<u> ; uog%+1 w an vog%+1 UH5 ( )

The first equation is an integrability condition and says, that there is a function A, such
that

H-
Hg = ud,h and 72 —vOyh . (5.5)
Hs

The other two equations then imply, that

H
Fi = —coth(h +¢), (5.6)

where c is an integration constant, which can be absorbed into the definition of h. However,
there is a second solution with H3 = +Hy, which corresponds to ¢ — +oo. For now we
will focus on the nondegenerate case. The Hermitean frame then reduces to

E' = H| (du + iudp),
i
8vh (0-3 + uauhd¢)> 3

E3 = Hs (0 —icoth(h)os), (5.7)

E? = H, <dv—

with the elementary (1,0)-forms
w'' = du+iudd,
2 dv—azh (03 +u0y,hdg),
w® = sinh(h) oy —icosh(h) oy . (5.8)

&
Il

Next, the (1,1)-form part of the torsion is:

(T 1,1y = (dE") 11y + wi'y BX A B (5.9)
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The vanishing of this part of the torison allows one to read off the non-trivial part of the

spin connection immediately:

1 1 vH56 H(;
winn = ~gp-Oulog(uth), win = —g-OulogHy, wiz = —ﬁ,
1 H2 UH56UH6 1 UH58UH6
e — 9, log —= — 139 = ——— | Oy log(H2 H, —
Wi = 1T <u og T wily y W12 1, \ % og(HzHs) + wily )
UH5
Wiz = Togg Oy log(vHs), w33 OH3H, '
1 H3 H6 H3 H4
= Oylog—+ — | —= — —
w331 = < w8 71 t <H4 H3>> )
1 o1 H; Hy, (Hj H,
w —_ _ —_
274l """ Hy wHs \Hy Hs3))’
1 Hg (Hs  Hy
=— Oy log(H3H. — | =+ =
(4)133 4H < u Og( 3 4) + U <H4 H3>> ’
1 Hy (Hs Hy
533 = —— | —0, log(H3H, — | =+ — . 5.10
One can use the reality relation, wyz; = —(wj5)", to determine the remainder of the spin
connection.

The the spin connection can now be inserted into the equation for the vanishing of
the (2,0)-form part of the torsion. This is equivalent to the Kéhler condition dJ = 0, and
reduces to four non-trivial equations:

0,(H}) = — HyH50, Hs
8U(H2H5) == O, GU(H3H4) == UH2H5 and 8U(H3H4) =0. (511)

The last three equations show that HsHy can be an arbitrary function, f(v), and that
HsHj is given by HoHs = %&,f(v). Fixing f(v) fixes the freedom to re-define v by an
arbitrary function of ©(v). Using (p.5) and (F.6]) , we get the relations

H? = f(v)coth(h) and Hi = d,h0,f. (5.12)

The first condition (F.11)) then determines H? up to a function of u only.

Finally, we have the condition for SU(3) holonomy, as opposed to U(3) holonomy.
From the spin connection we can extract a U(1) connection @ = w';. Requiring that @ is
a flat connection is now equivalent to w having SU(3) holonomy. This condition is do = 0

or & = d\. Using (b.10), we see that

~ 2 72 {72 2
(X u"HiHyH3

?
o= W log LTSy P
YT e (9ph)2 cosh? h ¢ 20, h

u?H?HZH3

Oy log —————=—2—
o8 (Dyh)2 cosh? h

(03 + udyhdo). (5.13)

A way to make this a total derivative is by requiring, that

w?H?H2H?

a+2
—— = . 5.14
(9yh)? cosh? h et (5.14)
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Inserting this together with (5.19) into the first equation of (f.11]) gives the master equation

Co 1 . 1
where ¢p can be absorbed into f. Choosing f properly, one can easily recover (}.17).

The Calabi-Yau condition can also be formulated in terms of a holomorphic (3,0)-form
O = E'NEANE?, (5.16)

where the phase dependence can be fixed by requiring the proper transformation properties
under the R-symmetry. To have a Calabi-Yau manifold this form must be holomorphic,

and satisfy
— 1
QANQ = gJ/\J/\J. (5.17)

The latter is trivially satisfied, while the former is equivalent to requiring that 2 be closed.
This leads again to (p.17).

In general it is easy in the non-coordinate base to impose (p.17). But then it is harder
to impose that J and 2 are closed. On the other hand in a coordinate base it is easy to
impose that J and Q are closed, but then it is hard to impose (b.17). The true art is to
impose both at the same time.

5.2 Holomorphic coordinates

Finally, it is instructive to see how the conifold is parametrized in terms of the new variables,
u and v. To determine the relationship one notes that (B.14) and (.§) must be linear
combinations of one another. It is trivial to solve this system and thereby obtain:

u = wu cosh(h), v = wu sinh(h). (5.18)

One can then compute the holomorphic coordinates explicitly using (B.§) and (B.9) to
obtain:

wy; = % (twy) [COSQ(%Qpl) (Ee2 4 (ge™2)7) — Sinz(%%) (Ee7 + (Se7) ™)

ws = £ (i) [cos2(501) (€€ — (€69)7) + sin’(S) (€674 — (E¢7#%) 7)) (5.19)

and

1 4
wy = 5 (iwa) (E+& ) sing,  wy = —iue?, (5.20)

where
= ehtivs, (5.21)

One can naturally parametrize C2 using the SU(2) matrix £ and a radial coordinate,

r, and one can obtain:

1 i 1 i
G =7 cos(?pl)eﬁ(“’ﬁ%), G = ir sin(?pl)e*ﬁ(“’?*“’?’). (5.22)
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Taking r = €"/2, we see that (f.19) and (.20) may be rewritten as:

wy = = () (G +C3) + e 2 (B + ().

2
we = 3 (i) [(F = @) — e (G- B,
w3 = —% (fwa) (C1 G + e MG G), wy = —iue. (5.23)

This shows how we are writing the conifold as a deformation of the orbifold (B.7), and
that the confold and orbifold have distinct complex structures.
Alternatively, one can take:

1 i 1 i
G =7 cos(§<p1) e~2 (pate2) G = ir sin(icpl) e"2 (P3me2) (5.24)

and set 7 = e"2. One then finds that (p-23) and (p.2() may be rewritten as:

wi =3 ) (G + ) + M@+ @),

wy = —S ) (G - ) — (@ -3,
{

wg = _5(@4) QG+ "0 G), wy = —iue. (5.25)

One of the important lessons in this coordinate change exercise is that the master func-
tion, h, appears as a natural coordinate on the conifold, and one may view our approach
to finding the Ricci-flat metric as prescribing the metric functions and then solving equa-
tions to determine the complex coordinates. The simplification that the “master equation”
provides over the Monge-Ampére equation may thus be viewed as a clever re-definition of
dependent and independent variables.

5.3 The conifold again

It is relatively easy to obtain the conifold solution from our re-formulation of the problem of
finding Ricci-flat metrics: One simply sets (B.21]) equal to (B.17) and extracts the necessary
re-definitions. The easiest equations follow from angular parts of the metric and one
immediately finds that:

0
h = log [tan(g)} , (5.26)
along with
2
v o= e p? cos b, (5.27)

and ¢; = 0. Given this, it is then easy to find the other change of variable:

4
4 6 o4
U 8les 2 p° sin” 0, ( )

and show that the metrics match perfectly for any value of ¢y and ¢y if and only if o = 2

in (f£16). Thus the master function (f.26) satisfies:

1 c 1.
ﬁau(uauh) - —2(90(5 sinh(2 h) &,h) = 0. (5.29)

Cov
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Since the dependence on ¢y and ¢y in (f-27)-(5.29) can be removed by rescaling u and v,
we can simply set cg = co = 1.

One can also derive this result ab initio. That is, one can seek a metric that is a cone
over a five-dimensional Einstein space. that depends upon a single variable . Denote the
radial coordinate on the cone by p, then by taking ratios of metric coefficients one sees
from (B.21)) that h can only be a function of #, and so v = pga(f) for some function ¢s
provided ¢; = 0. It thus follows that Hs and hence Hs will be independent of p. Then,
from the d¢? terms we see that Hiu = pg3(f), for some function, g3. Using this in the
expression for H?/H2 that one obtains from ([.19) one finds:

_6
u = pa2qd), v = pg). (5.30)

In particular, one finds that
u% (a+2)
is independent of p, and is only a function of . One can thus take h = h(x), and substitute

into the master equation. For a = 2 and cg = co = 1, this yields:

Op(x 0zh) = % 2% (79, (cosh(2h)) + 3z 9%(cosh(2h))) . (5.32)

5.4 Monge-Ampeére — Tian-Yau

The master equation (§.17) is a quasilinear PDE, but it is very hard to solve analytically.
However, Tian and Yau [@, @] proved some existence and uniqueness theorems for non-
compact Calabi-Yau metrics. Here we will remark upon how one might employ their
methods to prove that there is a solution to the master equation with the desired properties.

One can construct a closed Kéhler form, Jy, with the right asymptotics on the non-
compact Calabi-Yau manifold. This Kéhler form defines the Kéhler class of the desired
solution. Since the manifold is Calabi-Yau, there exists a holomorphic (3,0)-form Q. This
3-form is not unique, since the space is noncompact, but we can fix 2 by requiring the
right asymptotics and symmetry properties.

A Ricci-flat, Kéhler metric has the property

1 _
g NI AT =T (5.33)

The two-form, Jy, typically does not satisfy this equation. However one can try to find a
potential K, such that

% (Jo + 09K) A (Jo + TK) A (Jo + 9IK) = QAT (5.34)

This equation is a Monge-Ampere equation, which is much more difficult than our master
equation. However, Tian and Yau show, that there is a unique potential }C with the right
fall-off properties at infinity. The proof of this theorem respects all the symmetries of the
problem, but it does not allow for a singularity at a finite point. There should however
be a simple generalization of the proof, where the asymptotics of the Kéahler form at the

singularity is specified.
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We will now argue, that there is a Jy with the right asymptotics at the singularity
and at infinity. First, there is the singular conifold metric. This metric has the right
asymptotics at the singularity. On the other hand there is the degenerate limit of the
conifold, which is C2?/Zy x C. One can now use a bump function to glue the two Kéhler
forms to a single Ké&hler form with the right asymptotics. The modification of the Tian-Yau
theorem should then prove the existence and uniqueness of a Ricci flat Kéhler metric with
the desired asymptotics on the singular conifold.

5.5 Completing the solution

We have been implicitly using the results of [pJ, that imply that the internal metric
we seek must be a Calabi-Yau geometry. The complete solution must involve non-trivial,
harmonic warp factors and related five-form fluxes as in (.15 and (.16)). This, in principle,
requires us to solve the Laplace equation for the metric described above. Amusingly, this
equation, while linear, is not greatly different from the master equation itself. However,
without knowing the function, h, we do not appear to be able to find the requisite solution
analytically. On the other hand, we know that we need an O(3) x U(1) symmetric, smooth
harmonic function on this space with the appropriate asymptotics at the singularity and
at infinity. Again, there should be a unique such function.

All of this strongly suggests that the Klebanov-Witten flow is actually captured by our

master equation.

6. The geometry of the PW solution

There is a striking similarity between the analysis above and the analysis of more general
families of flows that involve fluxes [0, (1], I, [[Z). Moreover the master equation derived
above is very similar to the equations that govern these more general flows. Given this, we
now wish to revisit one of these solutions to elucidate the underlying geometry in the light
of what we have seen above.

The flow we consider is, of course, the close cousin of the Klebanov-Witten flow in which
the mass perturbation is of the form (P.9) but with both terms having the same sign. This
flow lies purely within the untwisted sector of the gauge theory, and its holographic dual
involves non-trivial three-form fluxes. The SU(2) x U(1) invariant families of flow solutions

of this type were analyzed in [f.

6.1 The elements of the PW solution

We begin by recalling some of the details of the solution of [[f], but we use slightly modified
conventions. We start by recasting the metric Ansatz in the form:

ds? = HE(nu, do"dz”) — Hy?ds, (6.1)

where ds? is given by (B:21]) with H3 = Hy = v. Note the inclusion of the factor of H 2
in front of ds3. We thus use the frames:

e® = Hydx®, a=1,...,4, ed = HalHldu, b = H51H2dv,
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1 1

7 -1 8 -1

e = — (OXon} e = — Vo2
270 ’ 2770 ’

1
¢! = §H61H5U(03+H6d¢), ' = Hy' Hiudg, (6.2)

Following [, we define:

H
T = log <1)2 F;) . (6.3)

Then the metric coefficients of ds% are determined by:

1 1 _
H? = me““av\p, HZ = 51@,\1}, Hs = Hy', Hg = ud,V,
(6.4)

6.2 The complex geometry of the PW solution
Observe that, with the exception of the expression for Hq, the PW solution is identical to
the form of the metric discovered in sections 4 and 5. Indeed, if one takes:

h =V + k, (6.5)

and takes the limit & — oo while scaling co appropriately, then the metric of section 4
matches the form of the metric above.
Thus, the metric in [ is hermitian with an integrable complex structure, with (1,0)-
forms
w1 = du—iudgp, wy = 01 + o9, w3 = d¥V + 103. (6.6)

The corresponding holomorphic coordinates are:
—id 1y 1 1( +p3) 1y . 1 ,i( —3)
21 = ue '?, 2 = e2 008(5(,01)62 $2Te3) 23 = e2 81n(§cp1)e 2\¥27¥3) - (6.7)
The putative almost complex structure:
2 L 9 1
J = —HiuduNdp + 1Y o1 Noy + §vdv/\(03—|—u8u\lf) (6.8)

is thus a true complex structure, and the underlying complex manifold is simply C?2/Zy x C
parametrized by (f.7).
Moreover, the (3, 0)-form:

) 1
Q= eV Awy Aws = —Zd21/\d22/\d23, (6.9)

is manifestly closed, and thus holomorphic. It also satisfies the Calabi-Yau condition:

— 64
QNQ = giJ/\J/\J, (6.10)
and thus there is a holomorphic (3,0) form that is a square root of the volume form. We
thus have a Calabi-Yau manifold, except that the manifold is not Kahler. The complex

structure (or, more correctly, the Kéhler form) is not closed.
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The solution of [ff] requires that ¥ satisfy:

o (1 0 10 (1 ov
3 20
— | ==V9 -— | = — | = A1
u@u(u?’(?u >+vav <v36 62}) 0 (6.11)
whereas the Kahler condition, or Ricci-flatness of the metric, would require
10 0 10 /1 ov
—— (u=—"T (= =—) = o0. 6.12
uOu <u3u >+v80 (1)36 31}) (6.12)

Thus the solution of [ is based upon a the complex manifold C3, endowed with
hermitian, non-Kéhler metric. The mysterious master equation of [[] thus turns out to be
simple deformation of the Kéahler condition.

It is also worth noting that if one sets h = £(V+k), where k is a constant, in ([.17) and
takes the limit & — oo with ¢y — 0 then (.17) (for o = 2 and ¢; = 0) degenerates to (5.19).
This substitution of h = £(W¥ + k) and limit of £ is precisely the limit that degenerates the
conifold to the orbifold, and so it is to be expected that the “master equation” degenerate
to the Ricci-flat condition for C?/Zy x C, and hence equation (f-13).

7. Conclusions

Our purpose has been to elucidate the geometry that underlies the holographic duals of
N = 1 supersymmetric flows from N = 2 quiver gauge theories. We are particularly
interested in flows generated by mass terms for the chiral matter multiplets in the N/ =
2 vector multiplets. The twisted sector masses are dual to blow-up modes in the dual
geometry while the ‘total’ mass parameter comes from the untwisted sector and is dual to
a three-from flux. Here, for simplicity, we have focussed on the ;1\1 quiver theory, but we
believe that our results apply in general. Moreover, we studied the two extreme cases: a
flow purely in the twisted sector (the Klebanov-Witten flow) and the PW flow.

We have argued that flows purely in the twisted sector must have an underlying Calabi-
Yau geometry all along the flow, and that the complete solution is simply an extension via
the harmonic Ansatz. For the A\l quiver we showed that this means that the underlying
manifold must be the singular conifold with a Calabi-Yau metric that interpolates between
the orbifold point at infinity and the cone over (Y in the deep interior. The standard
approach to finding such a metric would involve the solving the Monge-Ampere equation, a
sixth order, non-linear PDE. However, by using the symmetries and structure of the flow we
were able to make an Ansatz of sufficient generality to capture the solution and yet reduce
everything to the solution of a single, second order quasi-linear PDE. This substantial
simplification compared to the Monge-Ampere approach arises partially because we have
a higher level of symmetry, and do not need the full force of the general method. The
other reason for the simplification is because of an inversion of dependent and independent
variables: Monge-Ampére approach leads to differential equations for metric functions in
terms of fixed complex coordinates, while the “master equation” is really a differential
equation for part of the complex coordinates having fixed some of the metric functions. At
any rate, the “master equation” is, on the face of it, far simpler than the Monge-Ampere
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equation, and the master equation has a very simple linearization that leads to an obvious
perturbation expansion.

One of the other consequences of this description of a Calabi-Yau manifold by the
master equation (p.12) is that it sheds some light upon other non-Calabi-Yau, flux solutions,
like those of [[Id, [L1], {4, [[Z], that are completely determined by a very, very similar such
equation. This strongly suggest that such solutions must be relatively simple modifications
of the Calabi-Yau condition. To understand this better, we re-examined the geometry
underlying the solution of [[f], and showed that this solution is essentially a a non-Kéhler
Calabi-Yau manifold: It has an integrable complex structure, a hermitian metric, and a
holomorphic (3,0) form that is the square root of the volume form. We are continuing the
study of this geometry and its generalizations, and we would particularly like to understand
the geometric meaning of the simple deformations of the master equations that take one
from the Calabi-Yau solutions to the non-trivial flux solutions.

It is also useful to recall that the master equation, (p.11]) possesses a known, highly non-
trivial solution coming from gauged supergravity [[fl. That is, there is a steepest descent
flow on a simple five-dimensional superpotential that provides one of the most interesting
flows to the non-trivial IR fixed point, and while this solution is not given analytically, its
solution is trivially obtained graphically. If one could forge the connection between the
various master equations more deeply, one might hope to find special Calabi-Yau solutions
by such simple, graphical techniques.

There is also the work of [§], [ concerning the continuous family of flows involving
arbitrary mixtures of mass terms in the twisted and untwisted sectors. Moreover, it was
argued in [§] that all these flows should have a continuous family if IR fixed points. We
are presently generalizing the results presented here so as to try to capture this broader
family of flows.

We hope, ultimately, to be able to give a complete geometric characterization of su-
persymmetric backgrounds involving fluxes. It is evident from the results presented here
and elsewhere that trying to characterize the supersymmetry bundle directly is a very ef-
fective approach in studying not only these problems, but also in re-visiting Calabi-Yau
geometries.
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